There is an interesting but not so popular quantity called pseudo orbital angular momentum (OAM) in the Landau level system, besides the well-known mechanical OAM. The pseudo OAM can be regarded as a gauge invariant extension of the canonical OAM, which is formally gauge invariant and reduces to the canonical OAM in a certain gauge. Since both of the pseudo OAM and the mechanical OAM are gauge invariant, it is impossible to judge which of those is superior to the other solely from the gauge principle. However, these two OAMs have different physical meanings. The mechanical OAM shows the manifest observability and the clear correspondence with the classical OAM of the cyclotron motion. On the other hand, we shall demonstrate that the standard canonical OAM as well as the pseudo OAM are the concepts which crucially depend on the choice of the origin of the coordinate system. We show the relation between the pseudo OAM and the mechanical OAM as well as their observability by paying special attention to the role of guiding centre operator.
Introduction: two gauge invariant angular momenta
The quantum mechanics of the electron in a uniform and constant magnetic field plays central roles to discuss the fundamental property of the electron not only in matter physics, but also in high energy physics. In particular, the electron's energy level of this system is quantised and called the Landau level [1] . To describe this system in quantum mechanics, one needs to introduce the vector potential A which gives the magnetic field B through the relation, B = ∇ × A.
As is known, there are two different momenta for the electron under the influence of the magnetic field. The first one is the canonical momentum, p = −i∇, and the second one is the mechanical (or kinetic) momentum, Π =p + eA. Obviously, the canonical momentum is not gauge invariant operator and the mechanical momentum is gauge invariant one and hence the canonical one is usually believed not to describe physical observables due to its gauge dependence [2] . One can generalise this concept to other operators so that physical observables should not depend on a choice of gauge. This is called the "gauge principle" and works well. We can construct other operators, like orbital angular momentum (OAM), from these canonical and mechanical momenta. Consequently, the canonical OAM, x ×p, depends on a gauge and the mechanical OAM, x ×Π, does not depend on the gauge.
Recently, differences between the canonical OAM and the mechanical OAM for the electron in a uniform magnetic field and related topics are intensively studied in the context of a recent development of the vortex electron beam [3, 4, 5] and angular momenta of quarks and gluon for the nucleon spin decomposition problem [6, 7] . Although the purposes to study OAMs are different, there are similarities and common interests between these two different research fields, namely, what is the difference between the canonical OAM and the mechanical OAM in quantum theory from the viewpoint of gauge theory ?
According to these recent developments on experiment and theory, it is a good time to consider OAMs in gauge theory again. We discussed several angular momenta in this Landau level system [8] by using DeWitt's gauge invariant formalism of quantum electrodynamics (QED) [9] which enables us to solve the eigen equation without fixing a gauge, but with a choice of path. We focused on three OAMs; 1) the canonical OAM, 2) the mechanical OAM, and 3) "pseudo" OAM [10, 11] , where the mechanical and pseudo OAMs are gauge invariant. One can regard this pseudo OAM as a "gauge invariant extension of the canonical OAM", because it is formally gauge invariant and it reduces to the canonical OAM in a particular gauge [6, 7] .
We showed in the previous paper that the mechanical OAM has several favourable feature for that it is regarded as the electron's physical OAM. It's expectation value is independent of the gauge choice. It is related to the electron's familiar OAM describing its cyclotron motion in classical theory. Furthermore, it is related to an observable of the system, i.e. the Landau energy in conformity with the gauge principle. On the contrary, although the pseudo OAM is gauge invariant and conserved, it does not correspond to any observable in the Landau system.
There are two questions left in our previous conclusion. If there is a gauge invariant extension of a gauge-dependent operator like the pseudo OAM, the observability of this quantity is not quite clear, because the gauge principle does not forbid the observability of the pseudo OAM which is formally gauge invariant. Moreover, now we have two gauge invariant OAMs, namely, the mechanical OAM and the pseudo OAM in the Landau level system. What is the difference between these two gauge invariant OAMs ? Can the pseudo OAM be an observable ? The Landau level system, as it is a solvable one, is a good testing ground to answer these questions.
The purpose of this paper is to clarify the difference among three OAMs in a new perspective. We compare the three OAMs defined with respect to the origin and the three OAMs defined with respect to the guiding centre both in classical theory and quantum theory. This enables us to understand the physical meaning as well as the difference of these three OAMs in the clearest fashion. This paper is organised as follows. First, in Sec. 2, we discuss basics of Landau level system, i.e. wave functions in the Landau gauge and in symmetric gauge, the energy level, the gauge transformation between different gauges, and expectation values of these three OAMs. Next, in Sec. 3, we address some important properties of the concept of the guiding centre in classical theory and quantum theory, which is the key concept of this paper. We point out that the time-averaged mechanical OAM in classical theory corresponds to the well-known electron's OAM of the cyclotron motion and hence we use this property as the guideline to distinguish two gauge invariant OAMs (mechanical OAM and pseudo OAM) in quantum theory. In Sec. 4, we discuss the expectation values for the three OAMs in quantum theory to address our questions: 1) what is the difference between the mechanical and pseudo OAMs ? and 2) can the pseudo OAM be an observable ?
2. Mechanical and pseudo orbital angular momenta of electron in a uniform magnetic field
In this section, we briefly review the well known basics of the Landau level system and we mention some aspects expected from the viewpoint of gauge theory. In addition, we review the main characteristics of the three OAMs, i.e. the canonical, mechanical, and the pseudo OAM in this system.
Landau level system
As is well known, the energy level for the charged particle (electron in this paper) moving in a two-dimensional plane with the electric charge −e (e > 0) and mass m e in a uniform magnetic field is described by the Landau Hamiltonian:
wherep = −i∇ is the canonical momentum,Π =p + eA is the mechanical momentum, and A is the gauge potential satisfying B = ∇ × A. Here, we take z-axis as the direction of the uniform and constant magnetic field, namely, B = (0, 0, B). We use the natural unit, = c = 1, in this paper. The quantised energy E ≡ E n is given by
which is called Landau level [1] and n = 0, 1, 2, · · · is the Landau quantum number. Although the expression of the Hamiltonian depends on a choice of gauge, the Landau level does not depend on the gauge, as expected. However, solutions of the eigen equation depend on a choice of gauges. For example, the typical choice of gauges are:
We call them the first Landau gauge (L 1 ), the second Landau gauge (L 2 ), and the symmetric gauge (S), respectively. The wave functions in the first and in the second Landau gauges specified for the two-dimensional motion can be easily obtained [12] :
and
where
is the magnetic length,
is the normalisation factor, and H n (z) is the n-th order Hermite polynomial. We can introduce a length L x(y) for x(y)-direction in the first (second) Landau gauge, if we need the box normalisation. For instance, e ikxx / √ 2π in the above wave function
n,kx (x, y). We do not consider the motion along z-axis because it is the plane wave and trivial. These wave functions are the eigen states of the canonical momenta, i.e.p x ψ
n,kx , and
n,ky , respectively. On the other hand, the wave function in the symmetric gauge is given in [12] :
where L m n (z) is the n-th order associated Laguerre polynomial, and the sign factor of N n,m in this paper is different from the one in Ref. [8] . This wave function is the eigen state of the canonical OAM,
n,m with m ≤ n. It is worthy of notice that the canonical OAM commutes with the Hamiltonian only in this symmetric gauge and does not commute with the Hamiltonian in the Landau gauges. Hence, this conservation law depends on the gauge choice. Note that these wave functions are not related to each other through a gauge transformation. By this reason, the comparison of expectation values of some quantities between two different gauges sometimes shows an inconsistency. For example, the comparison of the expectation values for the mechanical OAM in two different gauges shows a discrepancy, in spite of the gauge invariant nature of the mechanical OAM. This is overcome by taking into account the degeneracy of wave functions in each gauge [8] .
Gauge transformations
The relation between the wave functions in different gauges in the Landau level system is a delicate problem, which requires careful consideration. In a general gauge theory, if we change the set of wave function and the gauge field, (ψ, A) to a new set, (ψ ′ , A ′ ), these functions should be related to each other through the following gauge transformation:
where χ(x, y) is a gauge transformation connecting two gauges. The question is whether we can find explicit forms of gauge transformations connecting the wave functions given in Eqs. (4), (5), and (6). This is not trivial task because of the degeneracies of the Landau levels. The answer to this question is given as follows.
For simplicity, we first discuss the relation between the eigen functions in the first Landau gauge and those in the second Landau gauge [13] . As is well known, the vector potentials in these two gauges are related by the following gauge transformation,
with χ(x, y) = Bxy. Because of the degeneracies of the Landau levels, what is related with the eigen functions in the Landau gauge is a particular linear combination of the eigen functions in the second Landau gauge. Namely, we have the relation,
Here the weight function U n (k x , k y ) of the linear combination turns out to be the matrix element of the gauge function e −ieBxy between the eigen functions in the second Landau gauge and those in the first Landau gauge:
Similarly, the relation between the eigen functions in the symmetric gauge and those in the second Landau gauge is given in Refs. [8, 14] as
where χ(x, y) =
n,m (x, y) is a particular linear combination of the eigen functions in the second Landau gauge, i.e.
The weight function U n,m (k y ) of the linear combination is the matrix element of the gauge function e
eBxy between the eigen function in the second Landau gauge and those in the symmetric gauge:
with
Here the sign factor in C n,m is slightly different from that used in our previous paper [8] .
Gauge invariant pseudo OAM and its observability
Using the canonical momentum or the mechanical momentum, one can construct two OAMs, that is, the canonical OAM,L can = r ×p, and the mechanical OAM,L mech = r ×Π, where the canonical OAM is not gauge invariant, while the mechanical one is invariant under the local gauge transformation. It is usually believed that the physical OAM is the mechanical one according to the gauge principle and classical correspondence [15] . However, we have another gauge invariant OAM in this system, i.e. the pseudo OAM, alternatively called the gauge invariant canonical OAM. An intricate question is whether this pseudo OAM also corresponds to an observable or not. At least, it seems to be that the gauge principle does not forbid the observation of the pseudo OAM. The pseudo OAM in a constant magnetic field discussed recently in Refs. [10, 11] is defined by:
where r 2 = x 2 + y 2 . This OAM is apparently gauge invariant. Besides, it commutes with the Hamiltonian, [L ps z , H] = 0, in arbitrary gauges. Furthermore, it reduces to the canonical OAM in the symmetric gauge. Hence this gives an example of the so-called gauge invariant canonical OAM, and at the time it is a conserved quantity. Actually, we noticed that this pseudo OAM was already discussed by Johnson and Lippmann many years ago for a different purpose in Refs. [16, 17] . They used this conserved operator and its eigen equation for the ground state to obtain wave functions for a higher Landau-level.
Our previous study [8] based on the DeWitt's gauge invariant method shows the following expectation values for the canonical, mechanical, and pseudo OAMs:
where m is the eigen value of the canonical and pseudo OAM with respect to the origin. The readers who are not familiar with the gauge invariant method can check Sec. III in Ref. [8] for the technical detail. The above result for the expectation value L ps z of the pseudo OAM should be compared with the expectation value L can z of the canonical OAM. Although the pseudo OAM is a gauge invariant and conserved OAM, its expectation value coincides with that of the canonical OAM, which is undoubtedly a gauge-variant quantity. This seems only natural, however, because the pseudo OAM is a gauge-invariant extension of the canonical OAM and it reduces to the canonical OAM in a particular gauge. An immediate natural question is then as follows. Is there any physical significance in the formal gauge symmetry of the pseudo OAM regarded as a gauge-invariant extension of the gauge-variant canonical OAM ? Only from the gauge theoretical viewpoint, both of the mechanical OAM and the pseudo OAM appear to have qualification for observables, since they are both gauge invariant.
Still, the comparison above of the expectation values of the three OAMs indicates that the pseudo OAM is not an observable just like the ordinary canonical OAM is not, at least in the Landau-level system. After all, the comparison solely based on the gauge invariance argument does not tell us which of the mechanical OAM and the pseudo OAM is superior from the observational viewpoint. In the following, we will discuss the guiding centre of the electron cyclotron motion in the Landau level system as a new touchstone to judge relative advantages of the mechanical OAM and pseudo OAM.
Guiding centre in classical theory and quantum theory
In this section, we consider the role of the guiding centre and the pseudo OAM for the electron moving in the uniform magnetic field both in classical theory and quantum theory. First, we begin our discussion of the guiding centre and the pseudo OAM with the well-known cyclotron motion in classical theory. Next, we clarify the meaning and the role of guiding centre and pseudo OAM in quantum theory by using the analogy with classical picture.
Guiding centre and pseudo OAM in classical theory
The motion of the electron with the charge −e (e > 0) and the mass m e in the classical theory is determined by equation of motion (EOM):
where the dot means the time derivative and v(t) ≡ẋ(t). As is wellknown, the general solutions for the electron's orbit (x(t), y(t), 0) in the two-dimension plane is given by,
The solution satisfies the initial conditions, x(0) = x 0 , v x (0) = v x0 , y(0) = y 0 , v y (0) = v y0 , and ω c = eB me is the cyclotron frequency. In the classical mechanics, the coordinate (X, Y ) is called the guiding centre which has the clear meaning, i.e. the centre of the cyclotron motion. Importantly, this guiding centre (X, Y ) is time independent,Ẋ =Ẏ = 0. The above solution indicates the following constants in time, namely, conserved quantities:
where r c is the cycltron radius and R is the distance between the coordinate origin and the centre of cyclotron motion. In addition to these conserved quantities, we can find other conserved momentum and angular momentum called the pseudo momentum and the pseudo OAM [10, 11] from EOM in Eq.(19):
where we used the constant and uniform nature of the magnetic field B and the squared distance r 2 (t) = x 2 (t) + y 2 (t) which is the perpendicular to the direction of the magnetic field. We can show that these conserved quantities, P ps and L ps z , do not correspond to the well known electron's classical momentum and OAM. For later discussion in quantum theory, we consider the two cases, (X, Y ) = (0, 0) and (X, Y ) = (0, 0), separately. (In classical theory, this is not absolutely necessary, since the first case is simply obtained by taking the limit X → 0 and Y → 0. In quantum theory, however, the situation becomes a little more complicated. This is because the guiding centre becomes a q-number operator, the expectation value of which cannot be fixed from the outset.)
We first point out that there is one subtlety in discussing OAM, namely, we have to specify a reference axis for OAM and this point is different from the discussion on momenta. In addition, the canonical momenta (OAM) does not appear in the classical EOM of the Lorentz force, although those temporarily appear in the middle step of the derivation of EOM based on the Hamilton's canonical formalism. Hence we only consider the mechanical and pseudo OAM in classical theory.
We consider two reference-axes for the mechanical OAM and the pseudo OAM, namely, the origin and the guiding centre which is different from the origin, for each OAM. Hence we define the following four OAMs in total:
where R = (X, Y, 0) is the coordinate vector to the guiding centre from the origin and x(t) = (x(t), y(t) 
It is obvious that the above momenta (null results) cannot describe the electron's physical momenta, since the direction of the electron in the uniform magnetic field changes in time.
Similarly, after one substitutes the solutions of the EOM into each definition, the mechanical and pseudo OAMs for (X, Y ) = (0, 0) are reduced to
Here, it is obvious that L mech z
gives the well-known conserved and classical OAM, r c m e v 0 , of the cyclotron motion with respect to the origin. On the other hand, L ps z gives only half of the mechanical OAM. 
OAM in the case
where the above results again cannot correspond to the electron's momenta in any sense because of the same reason in the case (A). 
We find that L mech z consists of two terms, i.e. the first time-independent term and the second time-dependent term. The first term just coincides with the well-known angular momentum corresponding to the classical cyclotron motion, while the second term vanishes if we take the time-average over one period of the cyclotron motion. Namely, we have
where T ≡ 2π/ω c . L ps z also consists of two terms. The first term is just one half of the OAM corresponding to the cyclotron motion, while the second term is a function of the square of the distance from the origin to the guiding centre. Different from the above two OAMs defined with respect to the origin, the corresponding two OAMs L mech z and L ps z defined with respect to the guiding centre turn out to be both time-independent and also independent of the guiding centre coordinates X and Y . As one sees, L mech z coincides with the well-known OAM corresponding to the classical cyclotron motion, whereas L ps z is just one half of it.
Pseudo OAM and guiding centre in quantum theory
In quantum theory, the mechanical momentum is replaced by the operator,Π = −i∇ + eA, and hence the guiding centre is also replaced by the operator: It is important to recognise that the guiding centre in quantum theory is a q-number and we cannot freely set (X,Ŷ ) zero, like a c-number in classical theory. In this sense, the meaning of the guiding centre operator in the quantum theory is less intuitive. Very interestingly, the guiding centre operator (X,Ŷ ) is time independent even in quantum theory. In fact, we can easily check the following well-known commutation relations, X ,Ĥ = Ŷ ,Ĥ = R 2 ,Ĥ = 0, and X ,Ŷ = il 2 B , whereĤ stands for the quantised Hamiltonian andR 2 ≡X 2 +Ŷ 2 . The last commutation relation indicates the Heisenberg's uncertainty relation betweenX andŶ , that is, we cannot exactly specify the position ofX and Y simultaneously.
By analogy with classical theory, we can define four types of OAM in quantum theory:
where x = (x, y, 0) andR = (X,Ŷ , 0) are the coordinate for the electron's
In particular, we find thatL mech z andL ps z are proportional to the Hamiltonian H and hence the conservation of the expectation values forL mech z andL ps z are obvious from the above relations. We emphasise that the quantised guiding centre plays important roles in these relations. We found that the expectation values of these three OAMs defined with respect to the quantum guiding centre are given by:
We point out that the above results for the expectation values of the mechanical OAM and the pseudo OAM are just consistent with the classical theory. The expectation value of the mechanical OAM with respect to the guiding centre gives the well-known value which is consistent with the cyclotron motion around it, while the expectation value of the pseudo OAM gives only half of that of the mechanical OAM. In addition, the reasonable point is that the expectation value of the gauge-invariant pseudo OAM just coincides with that of the canonical OAM with respect to the guiding centre. What is non-trivial here is that the expectation values of the pseudo OAM and also that of the canonical OAM defined with respect to the guiding centre is entirely different from those of the corresponding operators defined with respect to the coordinate origin. At any rate, the reference-axis independence observed in the expectation value of the mechanical OAM appears to be a distinguishing feature of it as compared with the other two OAMs, i.e. the canonical OAM and the pseudo OAM, which are thought to be physically equivalent.
Discussion and Conclusion
We have carried out a comparative analysis of three OAMs, i.e. the canonical, mechanical, and the pseudo OAMs in the Landau level system. Our main objective is to answer the following questions: 1) what is the difference between two gauge invariant OAMs, i.e. the mechanical OAM and the pseudo OAM ? and 2) does the pseudo OAM correspond to an observable, because of its gauge-invariant nature ?
First, we compared four OAMs of the electron. They are the mechanical OAM L defined with respect to a suitably chosen coordinate origin and the mechanical OAM L mech z and the pseudo OAM L ps z defined with respect to the centre of the cyclotron motion which we call the guiding centre. In classical theory, we found that the time-average of the above four OAMs are given by Eqs. (32)-(35) . The remarkable point here is that the time-averaged mechanical OAM defined with respect to the origin and that defined with respect to the guiding centre precisely coincide each other and both reproduce the wellknown answer as expected from the picture of the classical cyclotron motion. This is an strong indication of the physical nature of the mechanical OAM.
On the other hand, the time-averaged pseudo OAMs defined with respect to the two different reference points, i.e. the origin and the guiding centre, do not coincide with each other. The reason can be explained as follows. Since the magnetic field in the Landau level system spreads uniformly over the whole plane, there is no special or preferential point in the plane. This means that the choice of the origin of the coordinate system is totally arbitrary. The concept of the pseudo OAM is therefore vitally depends on the choice of the coordinate system. As a consequence, the definition of the pseudo OAM itself depends inherently on the choice of the coordinate system and origin. In fact, one sees that the pseudo OAM defined with respect to the arbitrary chosen coordinate origin depends on the guiding centre (X, Y ) in the chosen coordinate system (see Eq. (33)). On the other hand, the pseudo OAM defined with respect to the guiding centre is a quantity, which is free from the choice of the coordinate system (see Eq. (35)). We found that this latter quantity is time-independent and just a half of the time-averaged mechanical OAM. (Actually, the mechanical OAM defined with respect to the guiding centre also turns out to be time-independent.) When going to quantum theory, some additional delicacies appear. That is, the guiding centre in quantum theory is a q-number and there is an inherent uncertainty in its position. Still, we can consider two different types of OAM, i.e. the OAM defined with respect to the coordinate origin and the OAM defined with respect to the quantum guiding centre. In addition, one can consider two types of the canonical OAM defined with respect to the origin and the guiding centre. Thus, we totally consider the six OAMs defined in Eqs. (39)-(44) in quantum theory.
Using the well-known wave function in the symmetric gauge, the expectation values for these six OAMs are given in Eqs. . This again reminds us of that the concept of the pseudo OAM or canonical OAM crucially depends on the choice of the coordinate system. The expectation values of the pseudo OAM and the canonical OAM with respect to the origin depend on the quantum number m. This quantum number m is a conserved quantity reflecting the rotational (or axial) symmetry of the Hamiltonian. This symmetry is not independent of the choice of the coordinate system and the vector potential, both of which have large arbitrariness, because of the complete uniformity of the magnetic field in the Landau level system. The dependence on the choice of the coordinate-origin must be the origin of non-observability of the quantum number m in the system.
On the contrary, the expectation value of the pseudo OAM and/or the canonical OAM defined with respect to the guiding centre turns out to be expressed with the Landau quantum number n, which means that they are related to an observable. Note that, since these OAMs are defined with respect to the guiding centre, which has a meaning of the centre of the cyclotron motion, they are independent of the choice of the coordinate origin. Undoubtedly, this is the reason why they are related to the observable through the Landau quantum number n.
Summarising our point again, whether the quantity in question is an observable or not has little to do with its gauge invariance or gauge noninvariance property. In fact, as we have shown, in spite that the pseudo OAM defined with respect to the origin and that defined with respect to the guiding centre are both gauge invariant quantities, only the latter are related to observables. The reason of non-observability of the former quantity is its dependence on the choice of the coordinate origin, which breaks an important physical principle, i.e. the coordinate-choice independence of observables. This should be contrasted with the pseudo OAM defined with respect to the guiding centre, which has a clear meaning independently of the choice of the coordinate system.
To conclude, the so-called gauge principle claims that observables must be gauge invariant, and this fundamental principle of physics is widely believed to be correct. However, we must be careful about the fact that the converse of this theorem is not necessarily true. As we have shown through several concrete examples, the gauge invariance of some quantities does not always ensures its observability. In such an occasion, the gauge symmetry is thought of as just a redundancy without any physical significance.
